Fix a hypergraph F. A hypergraph H is called a Berge copy of F or Berge-F if we can choose a subset of each hyperedge of H to obtain a copy of F. A hypergraph H is Berge-F-free if it does not contain a subhypergraph which is Berge copy of F. This is a generalization of the usual, graph based Berge hypergraphs, where F is a graph.
Introduction
Berge [5] defined hypergraph cycles in the following way. A cycle of length k corresponds to k vertices v 1 , . . . , v k and k distinct hyperedges h 1 , . . . , h k such that v i and v i+1 are both contained in h i for i < k, while h k contains both v k and v 1 . Observe that for 2-uniform hypergraphs these are the usual graph cycles, but in case of larger hyperedges there are several non-isomorphic cycles of length k. Note that there are several other definitions of hypergraph cycles; these ones are usually referred to as Berge cycles.
Berge did not study extremal properties of these cycles. Lazebnik and Verstraëte [23] were the first to consider such problems. They gave bounds on the number of hyperedges in an r-uniform hypergraph without a Berge cycle of length at most 4. Many similar results followed for Berge cycles (see, for example, [19, 21] ) and Berge paths [20] , where a Berge path is obtained from a Berge cycle by removing a hyperedge (similarly for the graph case).
Gerbner and Palmer [15] observed that the way we obtain a Berge cycle from a graph cycle C k or a Berge path from a path P k can be generalized to any graph G.
Definition 1. A hypergraph H is a Berge copy of a graph G (in short: Berge-G) if V (G) ⊆ V (H) and there is a bijection f : E(G) → E(H) such that for any e ∈ E(G)
we have e ⊆ f (e).
In other words, H is Berge-G if we can choose a pair of vertices (i.e., a graph edge) in each hyperedge of H to obtain a copy of G. The maximum number (or weight) of hyperedges in Berge-G-free hypergraphs has been studied by a number of authers (see, for example, [7, 13, 14, 26, 29] , and Subsection 5.2.2. of [17] for a short survey). Others have investigated saturation problems [8, 9] , Ramsey problems [4, 12, 28] or spectral radius [22] for Berge hypergraphs.
It has been observed in several different settings [3, 8, 17, 28] that one can analogously define Berge copies of a hypergraph. More precisely we have the following definition.
Fix a family of hypergraphs C. A hypergraph H is a Berge copy of C (in short: Berge-C) if it is a Berge copy of some member F ∈ C. In the case when H is k-uniform, we say H is Berge k -C.
We call such hypergraphs hypergraph based Berge hypergraphs. So far there has been no systematic study of their properties. In this paper we focus on the maximum number (or sum of weights) of edges in hypergraphs avoiding Berge copies of a given hypergraph F .
Note that the Berge-F and Berge k -F are defined even if F is not r-uniform for some r ≤ k. However, here we will only deal with the case when F is r-uniform.
As we often consider several hypergraphs simultaneously, for the sake of brevity we will use the term r-graph in place of r-uniform hypergraph. The term r-edge refers to a hyperedge of an r-graph. Given a family C of r-graphs, we denote by ex r (n, C) the maximum possible number of hyperedges in an n-vertex r-graph that does not contain any member of C as a sub-hypergraph. Thus, when C is the family Berge-F for some hypergraph F , we use the notation ex r (n, Berge-F ).
Graph based Berge hypergraphs
In this subsection we state several known results for the ordinary, graph based Berge hypergraphs, that we will generalize. First we deal with Berge-F -free hypergraphs that are not necessarily uniform, where F is a graph. Observe that replacing a hyperedge with a larger hyperedge cannot destroy a copy of Berge-F , thus in order to maximize hyperedges in a Berge-F -free hypergraph it is preferable to use small hyperedges. Instead, we will assign a weight to each hyperedge that depends on the size of the hyperedge. Such problems were studied by Győri [19] for triangles, by Győri and Lemons [21] for cycles, and by Gerbner and Palmer [15] for arbitrary graphs. In these papers the weight of a hyperedge h is |h| or |h|−c for some constant c. Recently English, Gerbner, Methuku and Palmer [7] considered more general weight functions.
Before stating their results, we state a result of Grósz, Methuku, and Tompkins [18] that deals with k-uniform Berge-F -free hypergraphs (where F is a graph), for k large enough. Let us denote by R (r) (F , K) the two-color r-uniform Ramsey number of r-graphs F and K. When r = 2, put R(F, K) = R (2) (F, K).
Theorem 3 (Grósz, Methuku, Tompkins [18] ). Let F be a graph and let H be a k-uniform
Using ideas from Grósz, Methuku, and Tompkins [18] , English, Gerbner, Methuku, and Palmer [7] showed that for any fixed graph F the sum of the sizes of the hyperedges of a Berge-F -free hypergraph on n vertices is o(n 2 ) when all the hyperedges are large enough. This follows from the two results below.
Theorem 4 (English, Gerbner, Methuku, Palmer [7] ). Let F be a fixed graph and let H be a Berge-F -free hypergraph on n vertices. If every hyperedge of H has size at least |V (F )|, then
Furthermore, if every hyperedge of H has size at least R(F, F ) and at most o(n), then
Corollary 5 (English, Gerbner, Methuku, Palmer [7] 
For uniform Berge-F -free hypergraphs, Gerbner and Palmer [16] established a connection to generalized Turán problems. Given two graphs H and F , let ex(n, H, F ) denote the maximum number of copies of H in an F -free graph on n vertices. More formally, if N(H, G) denotes the number of subgraphs of G that are isomorphic to H, then ex(n, H, F ) = max{N(H, G) : G is an F -free graph on n vertices}.
When H = K 2 , this is the ordinary Turán function ex(n, F ). The first result concerning other graphs H was the exact determination of ex(n, K k , K r ) for each k and r by Zykov [31] . Several more sporadic results followed it, and the systematic study of ex(n, H, F ) was initiated by Alon and Shikhelman [1] . The area is sometimes referred to as generalized Turán problems.
A connection between (graph based) Berge hypergraphs and generalized Turán problems was obtained by Gerbner and Palmer [16] , who proved that for any graph F , any r, and any n, we have ex(n,
This was later generalized by Gerbner, Methuku, and Palmer [13] . To state their result, we need to introduce some definitions. We say that a graph G is red-blue if each of its edges is colored with one of the colors red and blue. Then for a red-blue graph G, we denote by G red the subgraph spanned by the red edges and G blue the subgraph spanned by the blue edges.
Lemma 6 (Gerbner, Methuku, Palmer [13] ). For any graph F and integers r, n there is a red-blue F -free graph G on n vertices, such that ex r (n, Berge-F ) ≤ g r (G).
This lemma was used to prove several new bounds on ex r (n, Berge-F ) for various graphs F . Note that an essentially equivalent version was obtained by Füredi, Kostochka, and Luo [10] .
Hypergraph based Berge hypergraphs
The main results of this paper are hypergraph analogues of Theorem 4, Corollary 5, and Lemma 6. Theorem 7. Let F be an r-graph with r ≥ 2 and let H be a Berge-F -free hypergraph on n vertices. If every hyperedge of H has size at least |V (F )|, then 
Note that the above corollary is sharp in the sense that we cannot take a larger weight function as the hypergraph of a single hyperedge of size Ω(n) has weight Ω(n r ). We will prove Theorem 7 and Corollary 8 in Section 3. Another corollary is the following hypergraph analogue of Theorem 3.
Corollary 9. Let F be an r-graph with r ≥ 2 and let H be a k-uniform Berge-F -free hypergraph on n vertices. If k ≥ R (r) (F , F ), then we have
In the above corollaries the upper bound cannot be improved by much, even if the threshold R (r) (F , F ) on the sizes of the hyperedges is increased (as long as the threshold does not depend on n). Indeed, let F be an r-graph consisting of three hyperedges on r + 1 vertices. Then a k-uniform Berge-F has three hyperedges on at most 3(k −r) + k + 1 vertices. Alon and Shapira [2] constructed for any 2 ≤ r < k a k-uniform hypergraph with the property that any 3(k − r) + k + 1 vertices span less than 3 edges, with n r−o(1) hyperedges. These hypergraphs are obviously Berge-F -free, giving the lower bound of n r−o(1) for this particular F in both corollaries.
Before stating our analogue of Lemma 6 we need to introduce further definitions. Given two k-graphs H and F , let ex k (n, H, F ) denote the maximum number of copies of H in F -free k-graphs on n vertices. Let N(H, H ′ ) denote the number of subhypergraphs of
be the complete k-graph on s vertices (containing all possible s k hyperedges). As in the graph case we say that a hypergraph H is red-blue if each of its hyperedges is colored with one of the colors red and blue. Let H red and H blue be the subhypergraphs of H spanned by the red hyperedges and the blue hyperedges of H, respectively. Put g
Lemma 10. For any k-graph F and integers r, n there is a red-blue F -free k-graph H on n vertices such that H red is K (k) r -free and ex r (n, Berge-F ) ≤ g r (H).
Note that the lemma implies
We prove Lemma 10 in Section 5. We also obtain some simple results in case F itself is a graph based hypergraph (for example F is a specific Berge copy of a graph F 0 ). Recall that the expansion F +k 0 of a graph F 0 is the Berge copy of F 0 which is constructed by adding r − 2 new and distinct vertices to each edge of F 0 . Using Lemma 10 we can establish asymptotics for ex k (n, K
Proof of Theorem 7
Proof of Theorem 7. For r ≥ 2, let us consider the r-graph Γ (r) (S) with vertex set S and whose edge set is the collection of all subsets of S of size r. For a hypergraph H, its r-shadow, Γ (r) (H), is the r-graph with vertex set V (Γ (r) (H)) := V (H) and whose edge set is the set of all r-tuples contained in at least one hyperedge of H. We will use the following theorem of de Caen [6] 
.
More precisely, we will use the following simple corollary: for n ≥ s, there is an α = α(r, s) < 1, such that ex r (n, K (r)
. This also holds for r = 2 by Turán's theorem. Let F be an r-graph and H be Berge-F -free hypergraph on n vertices. We call an r-edge in Γ (r) (H) blue if it is contained in at most |E(F )|−1 hyperedges of H.
Claim 12.
There exists a constant α = α(r, |V (F )|) < 1 such that for any hyperedge h ∈ E(H), the number of blue r-edges in
Proof of Claim 12.
We first show that every copy of F in Γ (r) (H) contains a blue r-edge. Suppose otherwise for the sake of a contradiction. Then, by the definition of a blue r-edge, every r-edge in a copy of F is contained in at least |E(F )| hyperedges of H. Therefore, we can construct greedily a copy of a Berge-F in H by choosing, for each r-edge f of F a unique hyperedge of H that contains f ; a contradiction.
Fix a hyperedge h ∈ E(H) and consider the subhypergraph of Γ (r) (h) formed by non-blue r-edges. By the above argument, this subhypergraph of Γ (r) (h) is F -free. By Theorem 11 there exists a constant α = α(r, |V (F )|) < 1 such that the number of non-blue r-edges in Γ (r) (h) is at most α |h| r , as |h|≥ |V (F )|. Thus, the number of blue r-edges in Γ (r) (h) is at
By applying Claim 12, we obtain the following inequality.
This implies that
which proves the first part of Theorem 7. It remains to prove the second part of Theorem 7. We may now assume that every hyperedge of H has size at least R (r) (F , F ) and at most o(n).
Claim 13. The number of copies of
Proof of Claim 13. Since H is Berge-F -free, any copy of F in Γ (r) (H) has at least two r-edges contained in a common hyperedge h of H. Thus at least r + 1 vertices of F are contained in h and |h|≥ r + 1. Now let us estimate the number of vertex sets that can span a copy of cF as follows. First pick a hyperedge h of H, then pick r + 1 vertices in h, and then pick |V (F )|−r − 1 other vertices. Now, there are at most |V (F )|! copies of F with the same vertex set. Thus
Here we used the assumption |h|= o(n) as well as (1) .
By the hypergraph removal lemma and Claim 13, there exists a collection R of o(n r ) redges such that each copy of F in Γ (r) (H) contains at least one r-edge from R. Let R ′ ⊆ R be the r-edges in R that are blue, i.e., that are contained in at most |E(F )|−1 hyperedges of H. We now show that for any hyperedge h ∈ E(H), that every subset S ⊆ h of size R (r) (F , F ) contains an r-edge from R ′ . Suppose otherwise, then every r-edge in Γ (r) (S) ∩ R is not blue, i.e., is in at least |E(F )| hyperedges of H.
Let us color the r-edges in Γ (r) (S)\R red and the r-edges in Γ (r) (S) ∩ R green to get a 2-coloring of the r-edges of Γ (r) (S). Then there is a monochromatic copy of F in Γ (r) (S), as |S|= R (r) (F , F ). Every copy of F in Γ (r) (H) has a hyperedge in R, so this monochromatic copy cannot be red; hence it is green. Thus every hyperedge of this copy of F is contained in at least |E(F )| hyperedges of H. This implies that we can find a Berge-F in H by choosing, for each r-edge f of F a unique hyperedge of H that contains f ; a contradiction. Therefore, for any subset S of size R (r) (F , F ) in a hyperedge h ∈ E(H) contains an r-edge from R ′ .
Claim 14.
There exists a constant β = β(r, |V (F )|) < 1 such that for any hyperedge h ∈ E(H), the number of r-edges of
Proof of Claim 14. Fix a hyperedge h ∈ E(H) and a subset S ⊆ h of size R (r) (F , F ). By the argument above, Γ (r) (S) contains an r-edge from R ′ . Therefore, Γ (r) (h)\R ′ does not contain a clique of size R (r) (F , F ). So, by Theorem 11, there is a constant β = β(r, |V (F )|) < 1 such that Γ (r) (h)\R ′ contains at most β |h| r r-edges. Thus Γ (r) (h) ∩ R ′ contains at least (1 − β) |h| r r-edges.
By Claim 14,
This implies that
h∈E(H)
which completes the proof of Theorem 7.
We finish this section with the proof of Corollary 8 (which immediately implies Corollary 9).
Proof of Corollary 8. Let us partition H into H 1 ∪ H 2 , where H 1 consists of the hyperedges of size at most √ n and H 2 consists of the hyperedges of size greater than √ n. Then h∈E(H 1 ) w(|h|) = o(n r ) by Theorem 7, using the assumption that every hyperedge of H 1 has size at most √ n = o(n) and at least R (r) (F , F ). On the other hand, as w(m) ≤ o(m r ) we have
Adding these two bounds completes the proof.
Graph based hypergraphs
In this section we consider the problem of estimating the maximum number of hyperedges in a Berge-F -free k-graph if the r-graph F itself is based on a (hyper)graph. First we observe that it is possible to extend a hypergraph F to a Berge k -F in multiple steps.
Observation 15. For an r-graph F and k ≥ l ≥ r we have that the family of hypergraphs in Berge k -F is isomorphic to the family of hypergraphs in Berge
This simple observation implies bounds when F is one particular Berge copy of a graph F 0 . An obvious choice is the expansion F +r 0
is obtained by adding r − 2 new vertices to each edge of F 0 such that these new vertices are distinct for distinct edges (thus all the intersections of the hyperedges are inherited from the graph). Turán problems for expansions have been widely studied; see [25] for a survey.
Obviously, for k ≤ r, the hypergraph F In particular, for F 0 = K m , with m > r and for n large enough, we know that the upper and lower bounds in the above proposition coincide, using a result of Pikhurko [27] and the following construction. Let us partition an n-element set V into m − 1 parts such that the difference between the size of two parts is at most 1 and let the hyperedges be the r-sets that intersect every part in at most one vertex. This r-uniform hypergraph is called the Turán hypergraph and is denoted by T r (n, m − 1). It is Berge-K m -free, as a K m would have two vertices u and v in the same part by the pigeonhole principle, but there is no hyperedge containing both u and v.
Moreover, for any graph with chromatic number m > r, the upper bound is asymptotically the same as the lower bound (given by T r (n, m − 1)) in the above proposition due to a result of Palmer, Tait, Timmons, and Wagner [26] . Note that similar statements can be obtained for other specific Berge copies of F 0 . There are several different kinds of graph based hypergraphs (i.e., ways to extend a graph to a hypergraph) studied in [17] , and each of them results in specific Berge copies of F 0 .
Generalized hypergraph Turán problems
In this section we will prove Lemma 10. Our proof is based on the proof of Lemma 6. We use the following lemma from [11] (most of which already appears in [13] 
For the first inequality we used that that M joins vertices of A 1 to B 1 and for the second inequality we used that that for a vertex v ∈ A 2 , all its neighbors are in B 2 , which means all its k-subsets are in B 2 , thus there is a K (k) r on those r vertices.
Corollary 19.
For any k-graph F and integers r, n we have
Note that the lower bound is given by replacing each K (k) r in an F -free k-graph by an r-edge. Also note that Corollary 19 is very useful for graph based Berge hypergraphs, given that there are several results concerning the Turán and the generalized Turán problems. In the hypergraph case, much less is known about the Turán numbers. The situation is even worse for the generalized hypergraph Turán problems, where we are aware of only a few such results due to Ma, Yuan and Zhang [24] and Xu, Zhang and Ge [30] . Therefore, Corollary 19 is more useful in giving bounds for the generalized hypergraph Turán problem, i.e., ex k (n, H, F ). For example, combining Corollary 17 and Corollary 19 with the fact that ex k (n, F 
Concluding remarks
Let us note that one can define Berge copies of other discrete structures in a similar manner to hypergraphs. Assume that F is a subset of an underlying set X and there is a set Y with a partial relation ≤ between elements of X and Y . Then a Berge copy of F is obtained by replacing every element x of F by an element of y ∈ Y with x ≤ y in such a way that we replace the elements of X with distinct elements of Y . In this paper, X is the system of k-subsets of a finite set, Y consists of subsets of size at least k of a potentially larger underlying finite set, and the relation ≤ corresponds to inclusion. To give another example, Anstee and Salazar [3] considered 0-1 matrices with the relation being "larger or equal in every entry". There are many other settings where defining Berge copies makes sense, including permutations, vertex ordered graphs, edge ordered graphs, Boolean functions, et cetera. Lemma 18 can be used in all these settings to connect the problem of counting the elements of Y in a Berge-F -free subset of Y to the following problem: what is the maximum number of elements y of Y such that every x ∈ X with x ≤ y belongs to S, where S is an F -free subset of X?
